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Quantum simulation

“Utilize a quantum machine to simulate a quantum problem 
untreatable on a classical one”

R. Blatt and C. F. Roos; I Bloch, J. Dalibard and S. Nascimbene; J. I. Cirac and P. Zoller, Nature Physics (2012)

R. P. Feynman, Int. J. Theor. Phys. (1982). 
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U/J = 2.44(2)

K/J = 1 × 10¬2

U/J = 5.16(7)

K/J = 1.7 × 10¬2

U/J = 3.60(4)

K/J = 1.3 × 10¬2

U/J = 9.9(1)

K/J = 2.9 × 10¬2
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Figure 2 | Relaxation of the local density for different interaction strengths. We plot the measured traces of the odd-site population nodd(t) for four
different interaction strengths U/J (circles). The solid lines are ensemble-averaged results from t-DMRG simulations without free parameters. The dashed
lines represent simulations including next-nearest neighbour hopping with a coupling matrix element JNNN/J ' 0.12 (a), 0.08 (b), 0.05 (c) and 0.03 (d)
calculated from the single-particle band structure.

lattices, which gives rise to a significant amount of longer-ranged
hopping. When including a next-nearest neighbour hopping term
�JNNN

P
j(â

†
j âj+2 + h.c.) in the t -DMRG simulations we obtain

quantitative agreement with the experimental data (dashed line
in Fig. 2). For larger values of U/J and correspondingly deeper
lattices, the tight-binding approximation is valid. For U/J ⇠> 10
(Fig. 2d), larger deviations are found. We attribute these to residual
inter-chain tunnelling and non-adiabatic heating. Both of these
effects become more relevant for larger values of U/J , because we
adjust this ratiomainly by tuning the tunnel coupling J .

The results of the density measurements can be related to the
expectations for an infinite chain with K = 0. There, the time
evolution can be calculated analytically in the case of either non-
interacting bosons (U/J = 0) or infinite interactions (U/J ! 1;
refs 17,18). These limiting cases can be understood well through
the mechanism of local relaxation by ballistically propagating
excitations. The on-site densities follow zeroth order Bessel
functions describing oscillations that are asymptotically dampened
by a power law with exponent �0.5. The damping we observe in
the interacting system, however, is much faster. As we will show
below, the dynamics is approximated well by a power law with an
exponent<�0.5 for the first tunnel oscillations. This behaviour has
also been found in t -DMRG simulations of homogeneous Hubbard
chains with finite interactions17,18. The exact origin of this enhanced
relaxation in the presence of strong correlations constitutes one of
themajor open problems posed by the results presented here.

Measurements of quasi-local currents
Employing the bichromatic superlattice, we were also able to detect
themagnitude and direction of quasi-local density currents. Instead
of raising the short lattice at the end of step (2), we ramped up the

long lattice to suppress the tunnel coupling through every second
potential barrier in the chain (Fig. 3a). At the same time, we set
the short lattice to a fixed value to obtain always the same value of
(U/J )DW ' 0.2 in the emerging double wells. By tuning the relative
phase between the long and short lattice we were able to selectively
couple sites with index (2j,2j + 1) (‘even–odd’, j integer) or
(2j�1,2j) (‘odd–even’).We recorded the time evolution in the now
isolated double wells using the same final read-out scheme as for the
densities (see Fig. 3b). We find sinusoidal tunnel oscillations which
dephase only slowly and decrease in amplitude with increasing
relaxation time t . The phase � and amplitude A of these oscillations
were extracted from a fit of a sine wave to the data and are plotted
in Fig. 3c as a function of the relaxation time for U/J = 5.16(7).
The phase contains the information about the direction of the mass
flow, whilst the amplitude is a combination of the local population
imbalance and the strength of the local current.

We find � to evolve linearly in time, giving strong evidence that
the excitations in the system expand approximately ballistically,
as suggested in refs 17,18. Furthermore, its value does not change
when coupling even–odd or odd–even sites, indicating the absence
of centre-of-mass motion in the system. The amplitude A, on
the other hand, decays to zero on the same timescale as the
oscillations in the local densities dampen out—in fact the quantities
(1 ± A)/2 provide envelopes to the traces nodd and neven (see
Supplementary Information). On short timescales, 0< 4Jt/h< 3,
we find the decay of the amplitude—and therefore also that of
the density oscillations—to follow an approximate power law/t�↵

with ↵ =0.86(7). This behaviourmight change for longer evolution
times, where no significant amplitude was measurable. We extract
the power-law coefficients ↵ for a wide range of U/J (right inset to
Fig. 3c). In all cases, the absolute values of the coefficients are larger
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●  Quantum simulation where classical computation breaks down"

"
●  Develop tools to measure entanglement in AMO systems (ion chains?)"

●  Verification of q-simulation"

47 

Motivation"

N-L sites"L sites"

S. Trotzky et al.,  
Nature Physics, 2232 (2012)"

quench"
DMRG (theory)"

Breaks down here"

“Utilize a quantum machine to simulate a quantum problem 
untreatable on a classical one”

R. Blatt and C. F. Roos; I Bloch, J. Dalibard and S. Nascimbene; J. I. Cirac and P. Zoller, Nature Physics (2012)

R. P. Feynman, Int. J. Theor. Phys. (1982). 
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...and lattice gauge theories (II)
Gauge theories defined on a discrete lattice structure 

K. Wilson, Phys. Rev. D (1974).
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...and lattice gauge theories (II)

Main need / goal: design a quantum simulator for 
lattice gauge theories and investigate some relevant 

phenomenon 

Gauge theories defined on a discrete lattice structure 

Fundamental gauge symmetries: standard model (every force has a 
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Lattice formulation provides an non-perturbative formulation 
of fundamental theories of matter (e.g. QCD)
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Outline of the talk

General strategy for quantum simulation: quantum link models vs 
Wilson LGT

The simplest quantum link model: U(1) symmetries in 1D and QED

Confinement in LGT: string breaking

Implementation of quantum link models with both gauge and matter 
fields in optical lattices: Bose-Fermi mixtures

Observability of confinement phenomena

Poor man view of global versus gauge symmetries and static vs
dynamical gauge fields
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H = �t
X

i

(c†i ci+1 + h.c.)

Global and gauge symmetries: what makes 
the difference?

Global symmetries
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ci ! ei�ci 8i

H = �t
X

i

(c†i ci+1 + h.c.)

[H,
X

i

ni] = 0

NTOT = h
X

i

nii
rE + ⇢ = 0

Global and gauge symmetries: what makes 
the difference?

Global symmetries

Global conserved quantity!

Gauge (local) symmetries

Local conserved quantity!

Gauss law!

Invariant under global transformations
QED
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Static and dynamical gauge fields: U(1)
Static gauge fields: 

particles hopping around 
a plaquette acquire a 

finite phase
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Static and dynamical gauge fields: U(1)

1 2
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x +1
,

e

i'
x,x+1 (phase)

H =°t√†
x ei'x,x+1√x+1 +h.c.

Static gauge fields: 
particles hopping around 

a plaquette acquire a 
finite phase

Theory Review: J. Dalibard et al., Rev. Mod. Phys. (2011)
Exp.: Munich, Hamburg, NIST,...
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Dynamical gauge fields: particles 
hopping around 

a plaquette assisted by additional 
link degrees of freedom
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Û1,2

Û2,3

Û3,4

Û4,1

Static and dynamical gauge fields: U(1)
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e

i'
x,x+1 (phase)

H =°t√†
xUx,x+1√x+1 +h.c.

x

x +1
,

U

x,x+1 (operator)

H =°t√†
x ei'x,x+1√x+1 +h.c.

1 2

34

Static gauge fields: 
particles hopping around 

a plaquette acquire a 
finite phase

Theory Review: J. Dalibard et al., Rev. Mod. Phys. (2011)
Exp.: Munich, Hamburg, NIST,...

Dynamical gauge fields: particles 
hopping around 

a plaquette assisted by additional 
link degrees of freedom

See Creutz and Montvay/Muenster books + Kogut 
(Rev. Mod. Phys. 1979)
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2)set of generators which define the gauge symmetry, and the physical Hilbert space:
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Glossary of lattice gauge theories

(Not too) Formal definition of a lattice gauge theory

1)set of fields acting on the vertices (matter fields) and on the links (gauge fields)

 
x

U
x,x+1

: boson

x+ 1
x

2)set of generators which define the gauge symmetry, and the physical Hilbert space:

3)a Gauge invariant Hamiltonian:
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U
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x,x+1 ! Sz
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Wilson LGT and Quantum link models

: boson

Key issue: embody the physics of gauge fields on a lattice

Original Wilson formulation: gauge fields span an infinite-dimensional Hilbert space

Implementation in quantum optical setups very challenging 

Alternative formulation of lattice gauge theories with discrete gauge variables, 
which are usually quantum spins: Quantum link models

Digital approaches: H. Weimer et al.(2010), Tagliacozzo et al.(2012). 

Quantum link models: D. Horn (1981), Chandrasekharan and Wiese (1996). See also Wen’s book.

U(1) Wilson lattice gauge: Kapit and Mueller, Zohar and Reznik (2011).

Thursday, June 7, 12



U
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x,x+1 E
x,x+1 ! Sz

x,x+1

Wilson LGT and Quantum link models

: boson

Key issue: embody the physics of gauge fields on a lattice

Original Wilson formulation: gauge fields span an infinite-dimensional Hilbert space

Implementation in quantum optical setups very challenging 

Alternative formulation of lattice gauge theories with discrete gauge variables, 
which are usually quantum spins: Quantum link models

Digital approaches: H. Weimer et al.(2010), Tagliacozzo et al.(2012). 

Quantum link models: D. Horn (1981), Chandrasekharan and Wiese (1996). See also Wen’s book.

U(1) Wilson lattice gauge: Kapit and Mueller, Zohar and Reznik (2011).

Spin instead of 
continuum valued 

fields
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Main ingredients

Gauss law --> local conserved quantity

Quantum link model Hamiltonian:

 Strategy: use Mott insulator (like) condition to 
enforce effective gauge invariant dynamics 
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H
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= J
X

x

⇣
 †
x+1
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⌘

effective exchange Hamiltonian

Local conserved quantity!

Result
population imbalance between left and right well

spin imbalance between left and right well

©�S.�Trotzky et�al.,�Science,�319,�295�(2008)

Vshort = 6Er

t/U = 1.25

Vshort = 11Er

t/U = 0.26

Vshort = 17Er

t/U = 0.048 Experimentally demonstrated (with bosons) (Munich, JQI)

Schwinger
representation:
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tb = tF = U/20

Validation of the building block
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Coherent oscillations --> 
gauge invariant 

processes!

Probability of remaining in the gauge invariant subspace after a 
quench: 98% (S=1), 99.88% (S=1/2)
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states) in state-
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Site-dependent 

Schwinger 
bosons!

Suppressed 
tunneling between 

even-odd sites
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� 2S +
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[(�1)x � 1] .

S = 1/2

Some details

Gauge generators

Pictorial gauge invariant subspace: “Super-Mott” states

2j 2j+1 Odd sites:
2 atoms

Even sites:
1 atom
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2)Relaxation dynamics in gauge theories (crucial for 
understanding heavy-ion collisions) can be captured by atomic 

simulators
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Open questions in lattice gauge theory can be in principle 

treated with quantum simulation

Quantum link models provide a perfect platform for cold gases 
implementation

General procedure to impose Abelian gauge symmetries (not 
only 1D!!) and couple gauge fields to matter

Observability of confinement phenomena with state-of-the-art 
techniques
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 M. Mueller (Madrid), P. Stebler, D. Banerjee 

and U.-J. Wiese (Bern)

Non-Abelian extensions? Far from being trivial in quantum link formulation (8-
body interactions...)

Simpler atomic/molecular/solid state implementations (not in the talk: QLM 
with magnetic atoms/polar molecules!)?

Connection with gauge magnets and spin liquids (in principle accessible within 
this toolbox)

Finite-temperature confinement/deconfinement phase transition (Abelian 
quark-gluon plasma?)
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Alternative setup: dipole interactions
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Building block: additional info
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